WS 8.7,9.1

1 WS Problem 1

1 Explain why, and where, the following integrals are improper.
sin x
fO VA 1+cosx

(b) f/? sec? 00

1
c) Ji =TT 4

(d) ffo ﬁ dt

a) fow \/% dz. This integral is improper when /1 4+ cosz = 0, and this happens at x = 7 in [0, 7]

(that’s when cosx = —1).

(b) qu/z sec? 0df. This integral is improper when cosf = 0 in [0, 7/2], since sec? § = 1/ cos? §. This only

happens at § = /2.

fl m(a: =y dz. This integral is improper at the upper bound (c0). Note that the divisions by zero
occur at x = 0,2 = —1, outside our interval [1,00), so this integral is only improper at oo as usual.

fl m dt. This integral is improper at both bounds. It’s improper at t = 1 since t>2 — 2t + 1 =
(t — 1)2, so the integrand 1/(t?> — 2t + 1) has a division by zero at t = 1. It’s also improper at the upper
bound since it is infinite.

2 WS Problem 2

2. Let f(z) = sinz. We want to find pg(x).
(a) Find f(z) and f(0), f(z) and f(0),..., f® (x) and & (0).

(b) Using (a) and the formula for p, (x) = f(0)+f'(0)z+f"(0)/22%+.. +f ( ) gm, write down po (), p1(2), ..., ps().
(¢) What pattern do you see in your answer to (b)?

(d) Using the result of (¢), write down the term with highest degree of = in each of the following:

(4) p3a()

(i1) ps1(x)

(i12) poo()

(a) Find f(z) and f(0), f(z) and £(0),..., f® () and & (0).

We have f'(x) = cosz, f(x) = —sina, f"(z) = —cosz, fP(z) = sinx, fO)(z) = cosz, fO)(z) = —sinz, {7V (z) =



—cosz, f®)(z) =sinz, so f(0) =0 = f"(0) = fH(0) = fO(z) = £ (0) = £5in0.

We also have f/(0) =1 = f®)(0) = cos0 and f"”(0) = —1 = f®)(0) = — cos0.

(b) Using (a) and the formula for p,(z) = f(0) + f'(0)x + f"(0)/222 + ... + f(nni)!(o)m", write down
po(x)apl(x)w“aps(m)'

We have
po(z) = f(0) =0 (1)
pi(z) = f(0) + f'(0)z == (2)
(2)
po(a) = @) + L5 02 ®)
pa@) = pole) + L0t a3 =0 ()
(4
pa(w) = pafe) + Dt o2 )
(0)
ps(x) = pa(z) + = ° =2 —2%/6+2°/5! =z — 23 /6 + 2° /120 (6)
pe(x) = ps(x) + f(‘Z!(O) 2% =2 —2%/6 4+ 2°/120 (7)
pr(x) = pe(x) + (:‘(O) e’ = —2%/642°/120 — 27 )7V = 2 — 23 /6 + 25 /120 — 27 /5040 (8)
ps(x) = pr(x) + f(88)'(0) o =a —2%/6 4 2°/120 — 27 )7V = 2 — 23 /6 + 25 /120 — 27 /5040 (9)
(10)

(¢) What pattern do you see in your answer to (b)?

We have odd powers with alternating sign, and for even numbers n we have p,, = p,—1: formally,

(—1)ig2i+1

Pont1(z) =D 0, “armr» for n >0, and p(0) = 0, with pg, = pan_1 for n > 1.

(d) Using the result of (¢), write down the term with highest degree of z in each of the following:

(i) p3a()
. . _ B _ _ 16 (_1)ix2i+1 . .
With our pattern, we notice pss = pPsa—1 = P33 = D2(16)+1 = D_imo EEnr The highest term in x

occurs when i = 16:
(_1)16 2(16)+1

e O
(ii) ps1 ()

7,.2i+1
Using our pattern, ps1 = pa(25)41 = Z?io % The highest term in = occurs when ¢ = 25:

(—1)252,2(25)+1

RECOES



(#9) poo(z)
Usi i 49 (—1)ia ! . . . L
sing our pattern, pgg = pPa(a9)+1 = D ;o ECESE The highest term in z occurs when i = 49:

(_1)491,2(49)-&-1

2(49) +1)! —a™/(99)

3 Ch. 8 Review
4 Review Problem 1

Evaluate:

A) [*/1=3tdt

We'll use the tabular method (integration by parts) since we are dealing with a polynomial (#?) multiplied
by something we can integrate (v/1 — 3t):

U dv

t2 V1-=3t

2t | —2(1-3t)3/2

p) g( 375)5/22
0 | —za5s(1—3t)7/

The u column is derivatives of ¢2.

To find the dv column: below /1 — 3t we have v = [ /1 -3t dt = %f\/ﬂdu _ [—71 . %(1 ~34)3/2] =
[22(1 — 3t)3/] for u =1 — 3t, du = —3 dt.

Next, below =2 (1—3t)%? we have [ 2(1-3t)>2dt = =2 [(1-3t)3/2dt = 2(F [u¥/? du) = Z-2[u/?] =
[135 (1 - 3t)5/2]

Next, below 4= (1 — 3t)/? we have [ 13=(1 — 3t)%/2 = ;= (5 [/ du) = 2 [2u"/?) = [ (1 - 31)7/2].

Now add row 1 of the u column times row 2 of the dv column and so on, alternating signs and adding
them all together:

-2 4 -8
21 =3t dt = t*(— (1 — 3t)*?) — 2t(— (1 — 3t)"/? _34)7/2 11
/\/7 (5 )77) = 2352 (1= 3°7%) + 2(5g5, (1 = 3) V%) + C (11)
—2t2 8t 16
= (1-3t)%% - ——(1-3t)"2% - 1—3t)7/?
g (1=3) 1350 %) TR A (12)

7
B)f(l_twdt

For this integral, we could solve it quickly using a u-substitution:



if u=1—t* then du = —4¢t3 dt, so _Tldu =t3dt. Also, t* =1—w:

7 A3
/(1—t4>3 dt:/(l—t‘*)S at
_/(1—u)-—1/4-du

w3
2—1/4/%—%6011
= —1/4[_i2u_2 — _ilu_l]
1 1
82 ¢
S— Lsc

T8(1—t1)2 41 —tY)
Or we can solve it the long way using partial fractions:
7 7
(=73~ (T +2)3(1 -2
e
(14231 —¢)3(1+1)3

So,

t7 _ Az+B Cz+D Ex+F G H I J K L
e (e B e (e oy A (i e e LI (e e (e LA (T

We won’t solve this here.

(©) ] 7 de

To solve this, we’ll do a u-sub for u = z? + 42 — 5, so du = 2z + 4 dz:

fx22-f-134+z4_5 dr = [ 2 =Tn|u| + C = In|z® + 42 — 5| + C.

5 Review Problem 2

Determine whether the integral is proper or improper. Evaluate the integrals:
(A) foﬂ/?’ tan® z sec x dr

sin®
cos®

This integral is proper: we can rewrite tan® zsecx = and cos z is nonzero on [0, 7/3].

(19)

(20)



To evaluate the integral, split off a tanz and set u = sec, so du = sec x tan x dz:

/3 w/3
/ tan® zsecz dr = / tan z sec z tan = dz
0 0

w/3
= / (sec4x — 1)secz tanx dz
0

2
z/ ut —1du
1

1
= [g“s - U]?

=2°/5-2—(1/5—1)
=(32-10—-1+5)/5=26/5

(B) fol zlnz dr

This integral is improper at one of our bounds. The value = 0 is outside the domain of the integrand

since In 0 is undefined.

Thus we begin our improper integral. First, note we may evaluate f zlnx dr with an integration by

parts with v = Inx, dv =z dz, so du = % dr, v =12%/2:

/mlnxdm:x2/2-lnx—/x2/2-ldx
x
:x2/2-lnm—/x/2da:
=2%In(x)/2 —2?/4+ C

Then, we have

1
/ rlnzdr = lim [z In(z)/2 — 2°/4]}
0

a—0t

= m& In(1)/2 — 1/4 — (a*In(a)/2 — a®/4)
lim —1/4 — a*In(a)/2

a—0t

We can evaluate the indeterminate form 0 - —oo of lim,_,o+ a? In(a)/2 using 'Hopital’s rule:

. . In(a)

1 2] 2=1

S @R = 5
1/a

lim

a—0t —4%
a

= 1 — =0
aif(r)l‘*' —4

Thus [} zlnz de = lim, o+ —1/4 —a®In(a)/2 = —1/4



1 43
) iz dr

Note that the integral is improper only at the endpoint x = 1 since the denominator /1 — 22 is zero
there.

We calculate an antiderivative using the trig substitution « = sinw, dx = cosu du:

3 sin® u cosu
——dr = | ——du (36)

/\/1—:52 V1 —sin?u
_ sin® u cosu du (37)

Vcos? u
= /Sin3 udu (38)

= /sinzusinu du (39)
= /(1 — cos? u) sinu du (40)
:/(1—w2)~—dw:w3/3—w+C:cos?’(u)/3—cosu—|—C (41)
if w = cosu, dw = —sinudu, so —dw = sinu du. Note that since z = sinu, we have V1 — 22 = cosu

(drawing a triangle with hypotenuse 1 and opposite side ).

Thusf\/%dm: (V1—22)3/3-V1—-22+C,so

1 23 . .
/Oﬁdx:alir{li[(\/l—xz)s/?)—\/1—3:2}0 (42)
= lim ( 1—a2)*/3 -1 a2 — (VI'/3— 1) (43)

1 2
=l-2=z (44)



